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Abstract
The dramatic growth of research areas within the province of quantum state transmission (QST) is rapidly accelerating.
An important insight to understand the process of QST can be fulfilled by considering the dynamical behavior of
its entanglement content. One well-established approach to continuously transfer quantum states is utilizing spin
structures. Here, from the view of entanglement propagation, we disclose the signature of fractional QST possibilities.
In the present work, we proposed a form of spin- 12 triangular plaquette whose Hamiltonian entails the spin-orbit
coupling on the rungs and exchange interaction over the legs. The feature of such a system is that the time instants
of QST emerge in a discrete fashion, thereby the values of exchange interactions associated with these moments
behave fractionally. Importantly, it is found that for special values of magnetic interaction, QST has singularity i.e.,
the entanglement propagation is forbidden. In addition, the finite-size nature of this system makes it possible for us
to read the nexus between time crystallinity and symmetry breaking. The development of our knowledge about time
crystalline symmetry and its breaking helps us to understand the defined concept and fundamental physics of this
phenomenon.
Keywords: Entanglement dynamics, Concurrence, Fractional quantum state transport, Heisenberg interactions,
Dzyaloshinskii-Moryia coupling, Quantum W states
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1. Introduction
Quantum state transfer (QST) is one of the essential requirements for the processing of quantum information. De-
pending on the available technology, alternative methods have been designed to perform the propagation of quantum
states. Photons as flying qubits have a well-established quantum communication ability [1]. On the other hand, spins
as the stationary solid-state qubits play the role of information carriers that can be hosted by chain structure as Bose
suggested [2]. He propounded that in the course of time, a chain of coupled spins would develop a quantum state. For
short-range quantum communication in which qubits must be close enough to each other, quantum spin chains are
attractive candidates. On the other hand, photons in such systems suffer several phenomena arising from light-matter
interaction which renders them useless for practical ideas.
Following Bose’s seminal suggestion, a lot of effort has been put into realizing such an scenario in quantum
computing technology. However, it was found that the perfect QST can be reached through a four-spin chain [2,
3, 4, 5, 6], much recent research has concentrated on achieving high fidelity of the state traveling across many-
qubit systems [7, 8, 9, 10, 11, 12]. The role of magnetic exchange interaction between the spins, which is of the
Heisenberg-type, is being explored in many of these systems [13, 14, 15, 16]. In fact, the Heisenberg model is at the
core of magnetic models in low dimensional materials. In addition, the role of another magnetic interaction stemming
from spin-orbit mechanism i.e., Dzyaloshinskii-Moryia (DM) coupling in QST has been recently studied [17, 18].
Such an interaction triggers various spin patterns in different quantum phases [19, 20, 21] as well as entails problems
such as spintronics [22], multiferroics [23] and topological magnetic orders [24], just to name a few.
In addition to being hosted by chains, spin qubits can also be accommodated in other configurations. For instance,
we can address the triangular plaquette which includes two legs and three rungs. In Ref.[6] it is assumed that the
Heisenberg interaction is designated on the rungs of the plaquette, in addition to DM coupling over the legs. Exploring
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entanglement evolution shows that through the entanglement oscillation, system is able to transmit quantum state
continuously. Consequently, it is found that the appearance of quantum W states due to the dynamics of the system is
of interest.
The present work, as set forth later in more detail, indicates that this process takes place in a fractional fashion,
provided that in comparison with the situation of Ref. [6], the plaquette’s links become exchanged to host magnetic
interactions. This means that the QST will arise only for discrete values of Heisenberg coupling over the legs, for a
fixed value of DM interaction on rungs. Nevertheless, the cost of such a feature would however be to sacrifice the
quantum W states.
In this situation, the QST is possible only for fractional values of magnetic interaction over the legs of the plaquette.
The existence of fractional magnetic coupling for licensing QST is not a generic status. For example, the necessity
of particular Heisenberg interaction in a perfect quantum-state transition has already been discussed in Ref.[25]. In
addition, we encountered situations where the entanglement is locked at one part of the system. This is where, the
particular values of Heisenberg interaction induces singularity in QST. From thermal states perspectives, allowed and
forbidden bipartite correlations has been argued in Ref. [26].
Time crystallinity is a phenomenon which first put forward by Wilczek [27]. A closed System’ Hamiltonian
induces an oscillatory behavior in expectation values of a physical observable via the time evolution of the system,
thereby that time translation symmetry is broken spontaneously. This phenomenon is called the breaking of time
crystalline whose name is borrowed of a similar condition that occurs in crystals when the spatial translation symmetry
breaks due to the periodic arrangement of atoms [28]. In the present survey, entanglement oscillation that is a direct
result of quantum correlations’ behavior reveals how crystal time symmetry is broken.
For dealing with the above situations in details, the outline of the article is organized as follows: In Sect.2 we
implement the model under consideration and explain how the initial state progresses over time intervals. The start of
Sect.3 is dedicated to provide relevant tools and concepts used in this work. The rest of this section devoted to present
the analytical results. Finally Sect.4 summarizes conclusions and outlooks.
2. The model and state evolution
Here, we consider a triangular plaquette in which spin− 12 particles interact on the rungs with DM coupling while
interacting on the legs through isotropic Heisenberg Hamiltonian. Under the periodic boundary condition on rungs,
the system is described by the Hamiltonian:
Hˆ = D⃗ ⋅ ∑⟨i, j⟩ ˆ⃗S i × ˆ⃗S j + J ∑⟪i′, j′⟫(Sˆ xi′ Sˆ xj′ + Sˆ yi′ Sˆ yj′ + Sˆ zi′ Sˆ zj′), (1)
where D⃗ = Dzˆ on the right side of Eq.(1) shows the strength of DM interaction on the rungs (⟨i, j⟩). Additionally, J in
the second term of Eq.(1) stands for the strength of Heisenberg coupling over the legs (⟪i′, j′⟫).
Considering the time-independent Hamiltonian which undertakes the dynamical behavior of such a closed system,
we begin with Shro¨dinger equation:
∂t ∣ψ⟩ = − iHh̵ ∣ψ⟩→ ∣ψ(t)⟩ = e −iHth̵ ∣ψ(0)⟩ , (2)
Taking into account the system’s Hamiltonian (1), t is normalized to h̵/D and J is normalized to D. No loss of
generality we take h̵ ≡ 1, and consequently, t and J converts to dimensionless parameters.
The initial state of the system (∣ψ(0)⟩) is given by quantum state 1√
2
(∣10⟩12 + ∣01⟩12) ∣00⟩34, in which two first
qubits (1,2) are entangled via a Bell state and two last qubits are in a separable state. In such a state, ∣0⟩ indicates the
spin down state (i.e., spin oriented along −z orientation), while ∣1⟩ denotes the reversed direction. Upon the mentioned
initial state, the general form of ∣ψ(t)⟩ obeys:
∣ψ(t)⟩ = 16∑
i=1
16∑
j=1 aib je−iEit∣α j⟩. (3)
where ∣α j⟩ shows an element in the standard bases i.e., {∣1111⟩, ∣1110⟩, ..., ∣0000⟩}. Furthermore, ai = ⟨Ei∣ψ(0)⟩ and
b j = ⟨α j∣ Ei⟩ where ∣Ei⟩ is i-th energy eigenvector according to energy Ei.
2
After a straightforward calculation, we note that all of the coefficients in Eq. (3) are null except those which
correspond to the single-particle states. In such states a particle is in the +z direction of the spin space and the rest are
in the direction of −z. As a result, the system’s evolved quantum state is as follows:
∣ψ(t)⟩ = η∣0001⟩ + ξ∣0010⟩ + α∣0100⟩ + β∣1000⟩. (4)
where
η = 1
2
√
2
[cos( Jt
2
) (sin(Dt) − cos(Dt) + 1) − i sin( Jt
2
) (− sin(Dt) + cos(Dt) + 1)]
ξ = 1
2
√
2
[cos( Jt
2
) (− sin(Dt) − cos(Dt) + 1) − i sin( Jt
2
) (sin(Dt) + cos(Dt) + 1)]
α = 1
2
√
2
[cos( Jt
2
) (− sin(Dt) + cos(Dt) + 1) + i sin( Jt
2
) (− sin(Dt) + cos(Dt) − 1)]
β = 1
2
√
2
[cos( Jt
2
) (sin(Dt) + cos(Dt) + 1) + i sin( Jt
2
) (sin(Dt) + cos(Dt) − 1)]
At each time instant, a linear combination of one-particle states emerges in Eq.(4). The measure of the entanglement
between different parts of the system will be discussed in what follows, using this equation.
3. Introducing tools and presenting results
As proposed by Wootters et al.[29, 30], the concurrence is a perfect quantifier for the measure of entanglement
between the m-th qubit of a quantum system with n-th one of that. Along such a suggestion, the starting point is
to provide the reduced density matrix which is obtained by tracing out all qubits except two target ones m and n
(ρnm = Trm,n(ρ)). The second step is to construct the matrix R = ρnm.τˆ.ρn∗m .τˆ using τˆ = σy ⊗ σy where σy and ρn∗m stand
for the Pauli-y-operator and the complex conjugate of ρnm respectively. The relation between (Cmn ) and the eigenvalues
of matrix R is defined by Cmn = max{2γ1 −∑i γi,0} in which γ1 is the largest eigenvalue. By definition, 0 < Cmn < 1
shows that two qubits are partly entangled. Whereas Cmn = 1 corresponds to a state of maximal entanglement, Cmn = 0
describes a state of total disentanglement between two qubits. Making use of Eq. (4), our calculation reveals that
concurrences for any pairs of the system in question, are supplied by Eqs. (3):
C21 = 132(2 cos(t(J − 3)) + 2 cos(2t(J − 1)) + 12 cos(t) cos(tJ)+ 2 cos(2t(J + 1)) + 2 cos(t(J + 3)) + 4 cos(2t) + cos(4t) + 7)
C43 = 132( − 2 cos(t(J − 3)) + 2 cos(2t(J − 1)) − 12 cos(t) cos(tJ)+ 2 cos(2t(J + 1)) − 2 cos(t(J + 3)) + 4 cos(2t) + cos(4t) + 7)
C31 = 132( − 2 sin(2t(J + 1)) − 2 sin(2t(1 − J)) − 4 sin(2t) − cos(4t) + 5)
Figures 1(a) and 1(b) describe the concurrence’s dynamical behavior between the first and last pairs respectively.
Moreover, Fig.1(c) is devoted to C31 . All panels show the oscillation behavior versus time and Heisenberg strength,
however, it is difficult to see conditions for QST in which C21 = 0 and C43 = 1. Then, as we are looking for the time
instants when QST happen, we should calculate the difference (gap) between C21 and C43 which brings us to Eq.(5):
G3412(t, J) = C43 − C21 = 18(− cos(t(J − 3)) − 6 cos(t) cos(tJ) − cos(t(3 + J))), (5)
which is illustrated in Fig.2(a). Consequently, we can conclude that when such a gap equates to unity, the QST
appears. As it can be seen, the presence of alternating bright points in this plot indicates that QST does not happen
continuously. These points take the stand that QSTs are arose. Focusing on such a panel, it is observed that the
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Figure 1: The illustration of concurrence’s behavior versus J and t shared on (a) the pair of (1, 2), (b) the pair of (3, 4) and (c) the pair of (1, 3) that
is representative of other pair i.e., (2, 4).
centers of the bright spots are precisely in front of the integral multiple of pi i.e., time instants of QSTs equate with mpi
(Ttr = mpi) provided that m = {1,2,3, ...}.
Furthermore, red spots in Fig.2(b) coincide with centers of bright points in Fig.2(a). There are different curves
in Fig.2(b) that can pass over the red dots. As mentioned before Ttr = mpi, whereby the values of J which satisfyG3412(t = Ttr, J) − 1 = 0 have to be discrete. For example, regard to solid curve in Fig.2(b), we have J = {0, 12 , 23 , 34 , ...}
in ascending order for 0 ≤ J < 1. On the other side, for 1 < J ≤ 2 we have J = {2, 32 , 43 , 54 , ...} in descending order.
Without any generality we restrict ourselves to J ∈ [0,2], because every thing is repeated after this period. For such an
interval the sequence formula of allowed J values for such a curve as it presented in Table.1 obeys from J∗ = 1 − 1/m
and J∗ = 1 + 1/m when m = {1,2,3, ...}.
For the second curve (dash-dot one) in Fig.2(b) it is found that for Ttr = mpi with m = {3,4,5, ...} the Heisenberg
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Figure 2: (a) Depiction of G3412(t, J) to recognize the points of QST. The center of bright points indicate QSTs, (b) The red dots are corresponded
to the roots of G3412(t, J) − 1 = 0 and according to the center of bright points of the left plot. Such roots follow from determined sequences over
individual curves. Each curve obeys a distinct sequence formula that presented in Table.1
m J∗(m) t∗(m) J∗∗(m) t∗∗(m) J∗∗∗(m) t∗∗∗(m)
1 − 1/m 1 + 1/m mpi 1 − 3/m 1 + 3/m mpi 1 − 5/m 1 + 5/m mpi
1 0 2 pi
2 1/2 3/2 2pi
3 2/3 4/3 3pi 0 2 3pi
4 3/4 5/4 4pi 1/4 7/4 4pi
5 4/5 6/5 5pi 2/5 8/5 5pi 0 2 5pi
6 5/6 7/6 6pi 3/6 9/6 6pi 1/6 11/6 6pi
7 6/7 8/7 7pi 4/7 10/7 7pi 2/7 12/7 7pi
Table 1: Fractional value of Heisenberg interaction for interval J ∈ [0, 2] corresponded to QST happening. The color of any column is according
to the color of any curve in Fig. 1
strength for 0 ≤ J < 1 must be chosen from set of sequence J = {0, 14 , 25 , 36 , ...} and for 1 < J ≤ 2, they must be selected
from J = {2, 74 , 85 , 96 , ...}. The sequence formula of special J values for such a curve as it presented in Table.1 obeys
from J∗∗ = 1 − 3/m and J∗∗ = 1 + 3/m when m = {3,4,5, ...}. Subsequently, a similar argument holds for the dashed
curve in Fig.2(b) in which m ≥ 5 and we have J∗∗∗ = 1 − 5/m and J∗∗∗ = 1 + 5/m. However there are other curves for
the rest of J values, we finish this argument here.
Interestingly, we notice here that for some particular situations i.e., J = 1,3, ..., the entanglement transition is
forbidden. It means that for such values of J, the equation G3412(Ttr, J) − 1 = 0 does not have any root. As though, the
last pairs cannot received the sent state encoded by first pairs.
To check on whether the quantum states of W type can be derived from the evolution of the system we follow the
discussion. Since all pairs have generally the same concurrences in quantum W states equal to 2/N, where N is the
particle number of the system, then we conclude that all concurrences would be equal to 0.5 for four qubits if those
states occur. For this reason we present the Fig.3. In other words, a plane that cuts the axis of concurrences of Fig. 1
in half. Figure .3 includes three types of curves. As shown this panel, there are no crossing points that can be shared
between these three curves consequently it is a witness that W states do not exist.
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Figure 3: The illustration of concurrences’ contours that all are equal to 0.5. The blue (thick-solid) curve is related to C21 , dashed one in corresponded
to C43 and brown (thin-solid) curve is according to C31 . Since there is no any cross between curves, quantum W states are not emerged.
4. Conclusion
The field of quantum state propagation has been greatly enhanced by a range of recent developments in both quan-
tum information science and quantum magnetism. The synergy between quantum information community and world
of quantum magnetism offers a wealth of applications such as utilizing spin structures in entanglement propagation.
The current study deals with the spin- 12 triangular plaquette in which Heisenberg interaction coexists with DM inter-
play. The role of present survey is not only to account for rendering fractional QST behind entanglement propagation,
it also provides a situation of entanglement locking. We have seen how fractional values of Heisenberg magnetic
interaction over the legs of plaquette lead distinct instants of QST. In order to detect such values of interaction we
made use of the gap between the concurrences of the system’s last and first pairs. Equalizing this gap with unity
ensures that the entanglement is propagated to the last pairs. Consequently the quantum state which encoded on the
first pairs, decoded by the last pairs. In addition, it is observed that for particular values of J, QST does not happen.
From time crystalline symmetry perspective, we have seen that entanglement oscillation illustrates the breaking of
such a symmetry which originates in the nature of finite-size system. On the other hand, the interaction between a
quantum system and its surroundings is inevitable. A quantum system would be influenced for example by phonons
of the host crystal at T ≠ 0. The system-environment interaction generates decoherence effects that can disrupt the
quantum correlations and can lead to other effects such as sudden death entanglement and sudden birth entanglement,
as stated in Refs.[31, 32].
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